Epitaxial Ho/Nb/Ho and Dy/Nb/Dy superconducting spin valves (SSVs) show a reversible change in the zero-field critical temperature (∆T c0 ) of ~400 mK and an infinite magnetoresistance on changing the relative magnetization of the Ho or Dy layers. Unlike transition metal SSVs which show much smaller ∆T c0 values, our results can be quantitatively modeled. However, the fits require an extraordinarily low induced exchange splitting which is dramatically lower than known values for rare-earth Fermilevel electrons implying that new models for the magnetic proximity effect may be required.
To investigate the SSV effect, we measured the zero-field resistance vs. temperature (R 0 (T)) curves with different field histories. In each case we define the set field (μ o H set ) as the field applied and then removed before each sequential R 0 (T) measurement is taken. Figure 2 (a) shows T c0 (H set ) -T c0 (S) vs μ o H set for a typical SSV. We define T c0 as the zero-field temperature where the resistance drops to 50% of the residual resistance. Previously we showed a continuous field-driven phase transformation from the S to F state for epitaxial Ho films through which the T c0 of a Nb/Ho bilayer could be gradually suppressed [23] . This can be seen in the initial response in Fig. 2 (a) in which T c0 (H set ) -T c0 (S) increases with successive μ o H set until the phase transformation is complete at μ o H set ~ 1 T. At this point the Ho films are F and P, and ∆T c0 ≈ 700 mK relative to the S state. Subsequently, ∆T c0 varies reversibly by 400 mK between P and AP states as μ o H set is cycled between  1 T. The peaks at  0.1 T correspond to an AP alignment, in good agreement with the magnetic measurement shown in Fig. 1 . Figure 2 (b) shows representative R 0 (T) curves measured at three specific states: S, P, and AP.
As ∆T c0 is very large, we can choose a temperature at which the device can be switched between the AP superconducting and P non-superconducting state. Figure 2 (c) shows R(H): at 3 K the SSV is in the normal state when the field is at  1 T but at  0.1 T the SSV reaches a fully superconducting state and, therefore, an infinite magnetoresistance (MR = ∆R/R min ) is achieved. This figure also shows that MR progressively reduces with increasing temperature.
We summarize T c0 of various SSVs in Fig. 3(a) . Since it is easier to keep the entire SSV structure epitaxial when the base Ho is thin, we changed only the thickness of the top Ho layer. It is clear that T c0 of SSVs decreases continuously as the thickness of the top Ho layer is increased from 10 to 70 nm. To eliminate any possible contribution of stray flux-induced T c suppression arising from an out-of-(basal) plane (OOP) magnetisation which may be enhanced in thick Ho films [24] , OOP magnetic measurements were performed: data for a d = 70 nm SSV shown in inset (a) gives no evidence for a zero-field magnetization. We also replaced Ho with Dy which has no OOP component in bulk and observed similar behavior with a gradual decay of T c0 and increase in ∆T c0 as the Dy thickness is increased (Fig. 3(b) ).
We should point out that there is no well-defined AP state for SSVs when two Ho (or Dy) layers have the same thickness since this does not give rise to a difference in coercivity. The small T c0 shift of 'AP' relative to P in d = 10 nm SSVs may come from the generation of domains at the coercive field, but this effect is small compared with the SSV effect. We also made Ho (10 nm)/Nb/Dy (10 nm) SSV because Ho and Dy have different coercivities. However, the SSV effect is also ~ 110 mK. This proves that the SSV effect is related to the thickness of RE.
So far, we have demonstrated a much larger ∆T c0 in comparison with TM SSVs together with an infinite MR. We now discuss the origins of these remarkable features. First we focus on ∆T c0 ; theoretical predictions [3,4] for TM SSVs ∆T c0 in the dirty limit can be two orders of magnitude higher than the corresponding experimental results [10, 19] . To compare our results with theory, we used the Usadel equation to model our results in the dirty limit because the mean free paths of both epitaxial Nb and Ho (l Nb , l Ho ) were smaller than their respective coherence lengths (ξ Nb , ξ Ho ) [23] . In this model, the T c0 of the three states (S, P, AP) were found by solving the linearized Usadel equation via a self-consistent numerical procedure [44] . We modeled Ho as a non-magnetic metal in the S state (assuming that its exchange field averages to zero within ξ Ho ) and as a homogeneous F metal in the P and AP states. To obtain the theoretical fits shown in Fig. 3 [25] and the net exchange interaction will also average to zero. Thus we modeled the Dy/Nb/Dy SSVs with the same method for which the extracted parameters for Dy and the interface are in the same range.
Figure 3(c,d) and the insets show that the model can quantitatively describe the experimental results, ∆T c0 being especially well reproduced. The inset to Fig. 2(b) highlights the fact that the resistive transitions are significantly broadened; this can be accounted for in our model if we assume that this originates from magnetic inhomogeneity within and between the Ho layers. For example, local regions in which the Ho layers are not collinear or that retain the antiferromagnetic S state would have a higher local T c than regions which are perfectly aligned. In fact the onset of the resistive transition occurs at approximately the same temperature for all samples implying that there are regions which do not transform into the F state.
The inset to Fig. 3(b) shows the sample to sample variation with a particular d Dy , with different d Dy samples being deposited in different runs. However, while most of the fitting parameters are within reasonable ranges [23] , the exchange energy E ex for both Ho and Dy is extraordinarily small (~ 1 meV). From the point of view of the modeling, it is clear that we require such a small E ex . All curves in Fig. 3 have an exceptionally long decay length for a ferromagnetic system that translates into an extremely small exchange energy [26] .
The REs have a complex magnetic structure with the 5d/6s bands exchange-split by the 4f electrons [27] . The polarization of 5d electrons contributes to RKKY coupling and leads to an additional magnetic moment [27] [28] [29] . Strikingly, E ex extracted from the fit is several orders of magnitude smaller than the calculated and inferred 5d/6s and 4f exchange splitting for REs ~ 1 eV [30] [31] [32] and 10 eV [27, 28, 33] , respectively. Because of the largely localized nature of the 4f electrons it is unsurprising that the E ex required for fitting our data is much less than 10 eV, but this value is also much lower than that of the itinerant 5d/6s electrons. This is completely different from the situation of TM Fs for which there is good agreement between the exchange splitting of ferromagnetic band structures and extracted E ex , both from SSVs [34] and SFS Josephson junctions [26] . We notice that the proximity of a F layer with a normal metal (N) layer may result in a reduction of the effective E ex [35] [36] [37] , so we also modeled a N/F/S/F/N structure [44] to study the effect of the seed and capping Nb layers. As a result, the values of T c are slightly shifted but the overall conclusion remains the same with E ex ~ 1 meV. Therefore, the issue of how to define the effective E ex as seen by the Cooper pairs is a question which needs detailed consideration. While this paper cannot offer a definitive explanation, there appears to be two possible underlying reasons. The first is that although the s and d bands participate in the indirect coupling of the f electron moments, the exchange energy experienced by the conduction electrons themselves may be significantly less than the apparent band exchange splitting: for example interband mixing can explain the apparent negative exchange coupling seen in certain transport experiments [38] .
Alternatively, there is the possibility of other pairing symmetries being involved in the superconducting coupling. Polycrystalline Ho has been shown to act as an effective spin mixer for the generation of odd-frequency triplet pairs [39] and an inverse spin valve effect, opposite in sign from   the conventional behavior [5-10] and seen in this study, has been reported as evidence for spinaligned triplet pairing [40] . Of more direct relevance to this study, Point-contact Andreev reflection (PCAR) spectroscopy between a Nb tip and single crystal or epitaxial film samples of Ho shows an effective spin polarization arising from the Ho which decreases rapidly as the interface resistance decreases which may reflect an emergent triplet state [41] .
Despite the ultra-small E ex in comparison even with weak TM ferromagnets, we see a very large reversible ∆T c0 ≈ 400 mK which is in quantitative agreement with the theoretical model. Previous theories suggested that to get a sizable ∆T c0 it is crucial to have a high interface transparency, a small pair-breaking scattering, and a large superconducting coherence length because Cooper pairs have to sense the exchange field from both F layers [8, 10, 19] . The fully epitaxial nature of our SSVs should improve interface quality and hence provide a reasonably high interface transparency and a small interface scattering as evidenced by the small dimensionless interfacial resistance γ b ~ 0.3. The results also imply very good band matching at the interface. Secondly, the large ξ Ho ~ 30 nm gives rise to a small pair-breaking effect. Thirdly, we confirmed the Nb coherence length ξ Nb = 32 nm [23] , which is larger than d Nb = 20 nm.
In fact, the behavior seen in our metallic SSVs is strikingly similar to that seen in ferromagnetic insulator/superconductor trilayer devices in terms of the magnitude of ∆T c and the infinite MR [42] . However, the results for that system are explained in terms of the large exchange field induced in the superconductor and obviously no S/F transmission -i.e. apparently the opposite scenario to our results.
In conclusion, we constructed SSVs by using two epitaxial RE films with one epitaxial S film sandwiched in between. Ho/Nb/Ho SSVs showed a large ∆T c0 ≈ 700 mK between S and P states and a reversible ∆T c0 ≈ 400 mK between P and AP states. Apart from the SSV effect, we also observed infinite MR and a long-ranged superconducting behaviour. Dy/Nb/Dy SSVs showed similar behaviours. Although the theoretical model applied agrees well with the experimental results, the ultra-small extracted E ex suggests that some degree of new physics is involved and a more advanced theory is thus required. Nevertheless, we have demonstrated a new type of SSV based on epitaxial REs and the remarkable features observed make them very promising for practical applications such as superconducting memory.
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